Available at

WWW MATHEMATICSwEB.0RG T

Approximation
Theory

POWERED BY SCIENCE ‘dDIHEOT'

ACADEMIC
PRESS Journal of Approximation Theory 122 (2003) 10—12

http://www.el sevier.com/l ocate/jat

A divided difference expansion of
a divided difference

Carl de Boor™

Department of Computer Sciences, University of Wisconsin-Madison, 1210 W. Dayton St., Madison, W1
53706, USA

Received 21 November 2002; accepted 7 February 2003

Communicated by Amos Ron

Abstract
A divided difference expansion with remainder for a general divided difference is derived
that contains Floater’s recent derivative expansion as a special case.
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It is the purpose of this note to record a divided difference expansion of a divided
difference, as suggested by the intriguing derivative expansion of a divided difference
recently derived by Floater (see [F]), and containing the later as a special case.

With [t ..., 1,] the divided difference (functional) at the point sequence (¢4, ..., #,),
here is the formula.

Proposition. Let t == (11, ...,t,) and s == (s1, ..., Sn) be real sequences, with n<m, and
set
j-1
Vo= C=s0), =1, ,m+1L
k=i
Then,
m
[Zla ...;tn] = Z([Zla ""t”]l//j—lH—Z, ,,1+1)[~?j_n+1, ...,Sm] —+ Rm(Z‘,S>, (13)
Jj=n
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with
n

Ry(t,8) =Y (tr = 8)([lis ooy Wit me )00, oo 851, oo 5. (1b)

i=1

Proof. The proof is by induction on m, the case m = n being the readily derivable
identity

n

[ty oot = [81, oovy 8] = Z(li — Sty s by Siy oens Sul,

i=1

which occurred to me after reading Floater’s account in [F] of an argument in [DL]
that proves this identity for a constant sequence #, but which I eventually found
already in Eberhard Hopf’s dissertation [H].

Assuming (1b) to be correct for a given m, let sy be an arbitrary point in R. Since,
by Leibniz’ formula,

(Z,‘ —S,‘)[l‘,‘, ...,ln]f = [l;, ...,ln}(' —S,‘)f— [I[+], ...,l‘n}f, (2)
(1b) implies that
Rm+1( (S07 )) R ( ) ([[17"'7tﬂ}lpl,m+l)[s0’""Sm]

Z [ty ooy Wit = [ists oottt )01 ooy iy Sty ey S
- ([tb R n]lpl,erl)[SOv "'7Sm]
Z [th-"? l,n+1)([tl,...,li75[7...7Sm}—[Z],...,t,;],S,;h...,SmD

i

([I,‘, ~~-vtn]¢i,m+1)(1i — S,'_l)[ll, e iy Sict, ...,Sm]

I
AM§

1

and moving the factors (f; —s;—1) to the left and renaming (so,...,sn) to
(S1y .-y Spt1) finishes the proof. O

Floater’s formula is the special case when s; = x for all 7, hence ;| ,,.| =

(= x)mf"7 while, as Floater kindly pointed out to me, the Dokken/Lyche formula
(see [DL]) for the derivatives of the error in Hermite interpolation is the special case
when ¢ is constant. More than that, Floater also pointed out that, with p :=m — n,
(1a, b) can also be written

[tl,...,[ 11,... Z'/’USI"“

n

+ Z(ti - Si+p)([t1a -~->ti]wl,i+p)[slv ooy Sigps Ly ---7tn]~ (3)

i=1

Indeed, reversing the order of the entries of both ¢ and s converts (1a, b) into (3).
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Floater [F] also proves, for the case of constant s and using properties of the
elementary symmetric functions, that, for odd m — n,

Ri(t,5)f = ([t1, ..., tn]‘/’l,mH)Dmf(f)/m! 4)

for some ¢ in the interval containing both ¢ and s (and assuming that f is sufficiently
smooth). Such a result can also be proved in our more general context, using
elementary properties of the divided difference, as follows.

By (2) and induction,

[th "'7tﬂ]‘//1,m+l = (tl - Sl)[lh "'atn]‘ljz,m+l + [t27 "'>tn]¢2,m+l

n

= Z(li - Si)[lh "'7['1]lpi+l,m+l' (5)

i1

Since this is the sum of the coefficients in (1b), (4) follows provided one can show
that these coefficients are all of the same sign. This is indeed possible for the case
m — n odd, under some assumption on s. The simplest such assumption is that the
smallest interval containing s contains no ¢; in its interior (certainly satisfied when s is
constant).

Since (as already used) [t1, ..., 2] f = D" 'f(&)/(n — 1)! for some ¢ in the smallest
interval containing all the ;, it is clear that [t1, ..., 2,]{/5 ., is positive in case all the
t; are to the right of all the s;. Also, when m —n = degD"‘Hﬁl ms1 18 odd, then
[t15 ... ta]W2, my1 1s Negative in case all the #; are to the left of all the s;. Hence, in both
cases, (11 = $1)[t1, ..., ta]¥2,,11 i nONnegative. Otherwise, there are ¢; both to the left
and to the right of s;; hence, after exchanging #; with some more suitable ¢ if
necessary, (¢1 — s1)[t1, ..., a5+ 1s nonnegative in this case, too. Thus, by (5) and
induction, there is a reordering of 7 so that all the coefficients in (1b) are nonnegative,
and (4) follows.

The simple example s = (0,0, 3), r = (2,2), for which [t1, ..., t,]Y; ,,.; =0, shows
that (4) does not hold in general.
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